We examine the possibility that a certain class of neutrino mass matrices, namely those with two independent vanishing minors in the flavor basis, is sufficient to describe current data. We compute generic formulae for the ratios of the neutrino masses and for the Majorana phases and find that seven such textures can accommodate the experimental data. We present an estimate of the mass matrix for these patterns.
Introduction
The results of the Super-Kamiokande [1] on the solar neutrino (ν e ) deficit and the atmospheric neutrino (ν µ ) anomaly can be interpreted if attributed to neutrino oscillations, which in turn can naturally occur if neutrinos are massive and lepton flavors are mixed. Massive neutrinos are commonly believed to be Majorana particles, and at low energy scales, the phenomenology of lepton masses and flavor mixing can be formulated in terms of the charged lepton mass matrix M l and the (effective) neutrino mass matrix M ν . They totally involve twelve physical parameters: three masses of charged leptons (m e , m µ and m τ ), which have precisely been measured [2] ; three masses of neutrinos (m 1 , m 2 and m 3 ), whose relative sizes have been estimated from solar and atmospheric neutrino oscillations [3, 4, 5] ; three angles of flavor mixing (θ x , θ y and θ z ), whose values have been constrained to an acceptable accuracy also from solar, atmospheric and reactor neutrino oscillations [3, 4, 5, 6] ; and three phases of CP violation (two Majorana-type ρ, σ and one Dirac-type δ), which are completely unrestricted by current neutrino data.
One can work in the flavor basis which identifies the flavor eigenstates of the charged leptons with their mass eigenstates, so that M ν will contain nine free parameters. However, in order to account for the experimental constraints, we need extra assumptions for M ν . The general idea is to assume that some independent matrix elements of M ν are actually dependent upon one another, caused by an underlying (broken) flavor symmetry. In particular, this dependence becomes very simple and transparent, if the relevant matrix elements are exactly equal to zero.
In fact, general categories of zero-textures were studied: Out of the twenty possible patterns of M ν with three independent vanishing entries, none is allowed by current neutrino oscillation data, while of the fifteen possible patterns of M ν with two independent vanishing entries, there are nine patterns which are found to be compatible with current experimental data (albeit two of them are only marginally allowed [7, 8] ). As to the six possible one-zero textures of M ν , there are three textures of M ν with m 1 = 0 and four textures of M ν with m 3 = 0 which are compatible with the current neutrino data [9] .
In this letter, we adopt a new texture of two independent vanishing minors in the mass matrix M ν . Since a zero-element can be viewed as a zero-determinant of a 1 × 1 sub-matrix, then the pattern with vanishing minors (which are determinants of 2 × 2 sub-matrices) can be viewed as a generalization of the zero-textures belonging to the same category of matrices with vanishing sub-determinants. In fact, a zero minor in M ν can be related to a zero entry in the Majorana mass matrix of the right handed singlet neutrinos M N in the canonical see-saw mechanism:
where M D is the Dirac neutrino mass matrix. It was argued [10] that the zeros of M N have a deeper theoretical meaning than the texture zero of M ν and that if M D is diagonal then texture zeros of M N are reflected in M ν as zero minors. To keep M D diagonal and to maintain the form of the studied pattern of M ν , a suitable family symmetry (A 4 ) was introduced in [11] . Putting two minors equal to zero gives us four real conditions, so with plausible values for five given input data parameters (the three mixing angles θ x , θ y and θ z , and the Dirac CP-violating phase δ, and one input taken to be the solar neutrino mass-squared difference ∆m 2 sol ), one should be able to test the validity of the model to fit the other data. The same strategy was followed in [12] , but for textures containing two independent traceless 2 × 2 sub-matrices, and eight textures out of the fifteen possible were shown to be allowed by experimental data. Here, we find that seven zero-minor textures are able to accommodate the current data, and five others can marginally do so, while three cases fail completely. For acceptable values of the input parameters, we give an order of magnitude to the neutrino mass matrix, and find that six of the two-zeroes textures can be reproduced. Of these latter six cases, four patterns, already studied in [8] , are allowed phenomenologically.
The plan of the letter is as follows: in section 2, we review the standard notation for the three-flavor neutrino oscillations and its relation to the experimental constraints. In section 3, we present the texture of M ν with two independent vanishing minors and compute the expressions of the two neutrino mass ratios and the Majaorana phases. We classify also the patterns, and in section 4, we present the results and the phenomenological analysis of each case. We end up by conclusions in section 5.
Standard notation
In the flavor basis where M l M † l is diagonal, the symmetric neutrino mass matrix M ν can be diagonalized by a unitary transformation,
with m i (for i = 1, 2, 3) real and positive, while the lepton flavor mixing matrix V can be written as a product of a Dirac-type flavor mixing matrix U (consisting of three mixing angles and one CP-violating phase) and a diagonal phase matrix P (consisting of two nontrivial Majorana phases): V = U P where P = diag(e 2iρ , e 2iσ , 1). With
we may rewrite M ν as
As to the matrix U , and taking the indices (1, 2, 3) to refer to the flavors (e, µ, τ ) respectively, it can be parameterized as [8] : 
In particular, the bounds on R ν put very stringent conditions on any model required to fit the data:
Note that the lower bound on m ee disappears if the neutrinoless double-beta decay does not exist.
Neutrino mass matrices with two vanishing minors
As M ν is 3 × 3 symmetric matrix, it totally has 6 independent complex entries, and thus it has 6 independent minors. We will denote by C ij to the minor corresponding to the ij th element (i.e. the determinant of the sub-matrix obtained by deleting the i th row and the j th column of M ν ). Hence, we have 15 possibilities of having vanishing two minors. If two minors vanish, we have
then we have
and a similar equation with (abcdijmn) replaced by their 'primes'. We get
where
with (h, l, k) are a cyclic permutation of (1, 2, 3) . In this way, with the input of four parameters determining the matrix U (the three mixing angles θ x , θ y , θ z and the Dirac phase δ), we are able to predict the relative magnitude of the three neutrino masses and the values of the two Majorana phases from the relations:
and
We can examine now whether or not the chosen texture of M ν is empirically acceptable by computing the magnitude of the parameter R ν which should be in the order of 10 −2 (equation 13). With some plausible values of the input parameters, and taking ∆m 2 sol to be its 'central' allowable experimental value, one can reconstruct the mass matrix and test whether or not the other experimental constraints are respected.
We found that the resulting mass patterns could be classified into two categories:
• Normal hierarchy: characterized by m 1 ∼ m 2 < m 3 and is denoted by N.
• Inverted hierarchy: characterized by m 1 ∼ m 2 > m 3 and is denoted by I.
In addition, there are three patterns which are not suitable to accommodate the data.
Results
We present now the fifteen patterns corresponding to two vanishing minors, referred to by their corresponding elements, in the neutrino mass matrix M ν . When the expressions are complicated we only state the analytical leading terms of the expansions in powers of s z . The numerical estimates are shown in tables (1,2), where we fixed, when possible, the input parameters (θ x , θ y , θ z ) to their 'experimental' centered values (34
Category N (normal hierarchy)
• Case N1: vanishing minors (33,31): We get
We have the following analytical approximations:
Numerically, we find that for the choices δ = 88.3 and θ z = 5, the acceptable region in the parameter space of θ x , θ y is quite large (figure1, where we marked the points satisfying the R ν constraint by a small circle).
If we look at the numerical order of magnitude for this case, we see that the mass matrix is a two zero-texture matrix corresponding to the pattern denoted by (B3) in [8] , and the analytical expressions (21-22) are identical to the ones there.
• Case N2: vanishing minors (33,12): We get 
As in the case N 1, one can find 'acceptable' input parameters and accommodate the data.
• Case N3: vanishing minors (33,11): We get 
We have the following analytical approximations: 
This pattern is marginally accepted, since we could find input parameters satisfying the constraint (13), but only for a mixing angle θ x slightly outside the acceptable region.
• Case N4: vanishing minors (33,32): We get
This texture implies the absence of neutrinoless double-beta decay:
Numerically, we find that the estimated mass matrix has a structure of a two-zero texture and that we have here a strong hierarchy m 1 ≪ m 3 . In fact the formulae (27-29) are identical to those of the two-zero texture denoted by (A1) in [8] . The pattern is acceptable, but the numerical fitting is not possible for θ z quite small, and only for θ z larger than 7
• we can accommodate the data.
• Case N5: vanishing minors (33,22): We get 
The pattern is an acceptable model easily able to make room for the data. We noted that the expansion of the angles ρ and σ in powers of sin(θ z ) are such that the next to leading terms are not negligible.
• Case N6: vanishing minors (11,32): We get 
Numerically, the pattern does not represent an acceptable model since θ x and θ y are beyond their allowed bounds. We found also that the model did not single out any particular value for δ.
• Case N7: vanishing minors (11,22): We get 
Numerically, we found a quasi real mass matrix, so CP violation will be hard to detect in this case. We note also that, for δ = 0, the input parameters θ x , θ y are close to their allowed boundaries in order to fit the data.
• Case N8: vanishing minors (22,32): We get
The numerical solution reproduces a two-zero texture, which can accommodate acceptably the data. Also, the formulae (39-40) are the ones corresponding to the two-zero case denoted by (B4) in [8] .
• Case I2: vanishing minors (31,11): We get
Numerically, this case is similar to a two-zero texture. However, the reported value of θ x in table (1), exceeds the admissible upper limit, and we could not find allowable values for θ x which can accommodate the data.
• Case I3: vanishing minors (22,31): We get 
This pattern is an accepted model able to accommodate the data with allowed input parameters.
• Case I4: vanishing minors (11,12): We get
We find here a very restricted allowable region in the parameter space, and only for values of θ x larger than the experimentally allowed we could satisfy the condition (13) . Also, numerically, this pattern is a two-zero texture.
Failing cases
There are three patterns which can not account for the neutrino oscillation since they give m 1 = m 2 = m 3 . 
Conclusions
We studied the 15 possible patterns of Majoran neutrino mass matrices with two independent vanishing minors. We found seven patterns (N1, N2, N4, N5, N8, I1 and I3) able to accommodate current data, without need to tune the input parameters. Five patterns (N3, N6, N7, I2 and I4) can accommodate marginally the data, in that they can satisfy the constraint (13), but only for a value of the mixing angle θ x well above its upper accepted bound. Then, in these patterns, one can attribute the experimental value of θ x to small perturbations on the textures. Three cases predict degeneracy of masses m 1 = m 2 = m 3 , and thus can not make room for the oscillation phenomena. Four patterns (N3, N4, N7 and N8) present, numerically, approximate real mass matrices, and thus it would be difficult to display CP violation phenomena with these patterns. The six cases (N1, N4, N8, I1, I2 and I4) appear as 'two-zero' textures, and the analytical expressions of the allowed cases (N1, N4, N8 and I1) of these six cases coincide with the corresponding expressions in the two-zero textures denoted, respectively, by (B3, A1, A2 and B4) in [8] . The other three two-zero textures allowed by current data, and denoted by (B1, B2 and C) in [8] , are not reproduced as two-vanishing minors textures. On the other hand, there are three two-vanishing minor textures (N2, N5 and I3) which are allowed by data and do not show up as two-zero textures.
We took, except for the cases N 4, N 8, the value 5
• for the angle θ z , but we checked that there is freedom to vary it in a range around 0, without affecting much the results. As to the Dirac-phase, we found the solution in many cases to depend sensitively on its value, so that any deviation from it violates the experimental constraints. We illustrate this in figure (2), corresponding to case I1, where, for the choice θ x = 34
• , θ y = 42
• and θ z = 5
• , we vary δ and find that satisfying the condition (13) singles out a nearly right angle for δ. A last remark, is that for all patterns, the leading terms in the expansion of the angles (ρ, σ) in powers of (sin(θ z )) are either δ or 
